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ON THE THEORY OF PULSE DISCHARGE IN A LIQUID 

V. V. A r s e n t ' e v  

Zhurna l  P r i k l adno i  Mekhaniki  i Tekhn ichesko i  F i z i k i ,  No. 

The time dependence of the electric power of underwater discharges 
is nearly linear during the first quarter-perio d . This paper presents 
the equations of energy, particle number, and channel expansion 
rate under this condition. It is shown that there exists a steady regime 
of channel expansion and shock propagation with constant character- 
istic properties, and the values of these properties are found. 

1. The o c c u r r e n c e  of a pu l se  d i s c h a r g e  in a l iquid 
is  a c c o m p a n i e d  by  the p e n e t r a t i o n  of l iquid p a r t i c l e s  
into the  a r c  channel .  The channel  cons t i tu te s  a s y s -  
t em with a v a r i a b l e  n u m b e r  of p a r t i c l e s .  This  is  i n -  
d i c a t ed  by  i nves t i ga t i ons  of the u n d e r w a t e r  exp los ion  
of e l e c t r i c a l  w i r e s  [1], as  wel l  as  by  the fac t  tha t  
the p r e s s u r e  in s ide  the  expanding  channel  r e m a i n s  
cons t an t  for  a c e r t a i n  t i m e ,  the  t e m p e r a t u r e  of the 
p l a s m a  changing  i n s ign i f i c an t l y  [2]. 

The p e n e t r a t i o n  of the l iquid p a r t i c l e s  into the 
channe l  is  a s s o c i a t e d  with the hea t ing  of the l iquid 
at  the p e r i p h e r y  of  the  channel .  This  hea t ing  is  
m a i n l y  due to c o l l i s i o n s  be tween  p l a s m a  and  l iquid 
p a r t i c l e s ;  the  con t r ibu t ion  of r a d i a t i o n  and t h r e e - p a r -  
t i c l e  r e c o m b i n a t i o n s  cannot  be s ign i f i can t .  Due to the 
hea t ing  t h e r e  a p p e a r s  be tween  the p l a s m a  and the 
l iquid a gas l a y e r  which lo se s  p a r t i c l e s  to the c h a n -  
nel ,  w h e r e  t h e s e  undergo  f u r t h e r  hea t ing ,  d i s s o c i a -  
t ion,  and p a r t i a l  ioniza t ion .  

The r a t e  at which p a r t i c l e s  p e n e t r a t e  into the 
channe l  is  p r o p o r t i o n a l  to the r a t e  of e n e r g y  t r a n s f e r  
b y  c o l l i s i o n s  at  the p e r i p h e r y  of the channel ,  and is  
i n v e r s e l y  p r o p o r t i o n a l  to the  e n e r g y  of f o r m a t i o n  of 
the gas p e r  p a r t i c l e .  The r a t e  of t r a n s f e r  of e n e r g y  
f r o m  the i - t h  componen t  of the p l a s m a  is 

' N i u i ~ e i  " ; g n m i ' / ~ r  (1.1) 
ei - -  2a ' /ke~ ( m  + rni)2 

Here  N i is  the  n u m b e r  of p a r t i c l e s  of the i - t h  c o m -  
ponent ,  u i is  t h e i r  mean  t h e r m a l  speed ,  m and m i a r e  
the m a s s e s  of a l iquid m o l e c u l e  and a p l a s m a  p a r -  
t i c l e ,  r e s p e c t i v e l y ,  a is the channel  r a d i u s ,  and Ae i 
is  the mean  amount  of e n e r g y  t r a n s f e r r e d  du r ing  one 
co l l i s i on .  F r o m  (1.1) and the g a s - k i n e t i c  f o r m u l a  
z = ~/4uN/V, which d e t e r m i n e s  the n u m b e r  of c o l l i -  
s i ons  of the m o l e c u l e s  with a unit  a r e a  p e r  uni t  
t i m e ,  we obtain the r a t e  of p e n e t r a t i o n  of the p a r t i -  
c l e s  into the channel  

Iu -- • _ 4 ( "Z~I"h xmk%Nr~/' ~ vimi'/' 
q , ~ / qa (m--~)2 , (1.2) 

whe re  q i s  the  e n e r g y  of f o r m a t i o n  of the  gas p e r  
p a r t i c l e .  

The t h e o r e t i c a l  c a l cu l a t i on  of the coe f f i c i en t  ~4 is  
u n r e l i a b l e ,  s i n c e  i t  i nvo lves  qui te  a r b i t r a r y  a s s u m p -  
t ions .  However ,  t h i s  coe f f i c i en t  can be found f rom 
any s e t  of e x p e r i m e n t a l  d a t a  which can  be used  to 

5, pp. 51-57 ,  1965 

d r a w  a d i s c h a r g e  power  cu rve  and to d e t e r m i n e  a 
c h a r a c t e r i s t i c  of the channel .  U s i n g  the e x p e r i m e n -  
t a l  da t a  of Skvor t sov  et  al .  [2], we obta in  n = 1/24. 

2. The e n e r g y  supp l i ed  b y  the e l e c t r i c a l  c i r c u i t  
to the u n d e r w a t e r  s p a r k  channel  goes t ow a rds  the 
i n c r e a s e  of the i n t e r n a l  e n e r g y  of the channel ,  the 

f o r m a t i o n  of the shock  wave,  and rad ia t ion ;  the 
r ad i a t i on  l o s s e s  a r e  minor .  A n a l y s i s  of c u r r e n t  and 
vo l tage  o s c i l l o g r a m s  of the d i s c h a r g e  ind ica tes  that  
du r ing  the f i r s t  q u a r t e r - p e r i o d  the t i m e - d e p e n d e n c e  
of the power  d i s s i p a t e d  is l i n e a r  [3]: 

w~ -~ yr. (2.1) 

At  m o d e r a t e  d e g r e e s  of ion iza t ion  the mean  e n e r g y  
of a p l a s m a  p a r t i c l e  is  

e = 3t2kI' Jr- ea ! v ,  

where  v is  the number  of a toms  in a m o l e c u l e  of the  
l iquid and e d is  the d i s s o c i a t i o n  e n e r g y  p e r  molecu le .  
The change  of the i n t e rna l  e n e r g y  of the channe l  p e r  
uni t  t ime  is then 

wi  = ( N s ) '  = a / . , kN 'T  ~ 3 /2kNT '  + N'sa / v. (2.2) 

The power  t r a n s m i t t e d  to the shock  wave is  

NkTVa" 2ka'NT 
w z = - - V a  -- ~ ,  (2.3) 

whe re  a '  is  the speed  of expans ion  of the  channel .  
F r o m  shock  t h e o r y  i t  can be  shown that  one half  
of th is  power  i s  expended  in c o m p r e s s i n g  the l iquid 
and the o the r  half  is  expended in s e t t i ng  i t  in m o -  
t ion.  Equat ions  (1.2), (2.1), (2.2), and (2.3} y ie ld  

Zed3k~ "~T~" 2kvsa -an" (NT), N '  = ~ t - - - : - - ( l ~ l  ) - -  e d 

N,N, /~  1 / 2 ~'/, rnk'/' ~ ~m, ' / '  (NT)$/, (2.4) 

The s y s t e m  (2.4} con ta ins  t h r e e  unknown funct ions 
(N,NT, a) and can  be  c l o s e d  by  the equat ions  of 
h y d r o d y n a m i c s .  

3. Due to t h e i r  high n o n l i n e a r i t y ,  the equa t ions  of 
h y d r o d y n a m i c s  cannot  be used  h e r e  in t h e i r  g e n e r a l  
f o r m ,  with b o u n d a r y  condi t ions  at  the  channe l  b o u n -  
d a r y  and at the shock  front .  One s i m p l i f i c a t i o n  is  
p rov ided  by  the e x p e r i m e n t a l  fac t  that  the s p e e d  of 
expans ion  of the channe l  is cons t an t  du r ing  the 
f i r s t  q u a r t e r - p e r i o d  [2]. The e f fec t  of the expanding  
channe l  on the l iquid is  the s a m e  as  that  of an e x -  
panding  c y l i n d r i c a l  p is ton.  S e l f - s i m i l a r  p r o b l e m s  
involv ing  an expanding  p i s ton  have  been  t r e a t e d  by  
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s e v e r a l  authors  [4,6]. In the s e l f - s i m i l a r : p r o b l e m s  
the t r a n s f o r m a t i o n  to d i m e n s i o n l e s s  va r i ab l e s  
t r a n s f o r m s  the equat ions of hydrodynamics  into a 
s y s t e m  of o r d i n a r y  d i f fe ren t i a l  equat ions.  However,  
these  equat ions cannot  be i n t eg ra t ed  ana ly t i ca l ly  
even in the case  of cons tan t  p is ton speed. Thus 
another  s impl i f i ca t ion  is r equ i r ed ,  for  which we 
sha l l  use  the i n c o m p r e s s i b i l i t y  of the l iquid between 
the channel  and the shock wave. In this region  the 
liquid is c o m p r e s s e d  by the effect  of the shock wave 
and subsequen t  dens i ty  changes may  be neglec ted  
[21. 

A s s u m i n g  i n c o m p r e s s i b i l i t y ,  the in t eg ra t ion  of 
the hydrodynamic  equat ions yie lds  the p r e s s u r e  
f ield 

a i R  = a ' / D ,  so that af ter  expanding the logar i thm 
we obtain 

poa '~ 2poa 'z 2poa'D �9 (3.4) 
P f , ~ P a ~ -  2 (l-{-a'/D)~ ' P a - ~ l - - a ' / D  

The f i r s t  equation in (3.4) shows that when the 
channel  expands with a cons tan t  speed the p r e s s u r e  at 
the shock wave is  lower  than that in the channel .  F r o m  
the Rankine-Hugoniot  r e l a t ions  and the equat ion of 
cont inui ty  of an i n c o m p r e s s i b l e  fluid we obta in  

uD P f aa" a "2 P f = ~ =  = or  -- a '~ (3.5) 
po ' T - -D- '  po 

(u is the particle velocity at the wavefront)o 

p_s [a'2 (i___ar~_)H_(aa, {_a,2) l n a ] , I 3 . 1  ) P ~  Pa-~- l - -a~/R~L 2 

where Pa is the p r e s s u r e  in the channel ,  130 is  the 
dens i ty  of the und i s tu rbed  liquid, and R is the r ad i a l  
coord ina te  of the shock front .  

The mot ion  of the channe l  boundary  is  d i r ec t l y  
r e l a t ed  to the propagat ion  of the shock front.  The 
impu l se  t r a n s m i t t e d  by  the channel  to the s u r r o u n d -  
ing l iquid per  uni t  t ime  is equal  to the change of 
m o m e n t u m  of the l iquid between the channel  and 
the shock wave. The m o m e n t u m  in t eg ra l  n e c e s s a r i l y  
conve rges ,  s ince  it  extends only up to the shock 
front .  The equat ion for  the ra te  of change of m o m e n -  
tum is 

R 
d I 2~pourdr 

dt t -- a~l R 2 = 2reaps, (3.2) 
r 

where u is  the ve loc i ty  of the fluid pa r t i c l e s .  F r o m  
(3.2) we have 

p~ " ~ i - - a ' / D ]  (3.3) 
Pa 1 -- a~ I R~ (aa ~ a ~) ~ a'2 a" / D'- " 

The solu t ion  to the s e l f - s i m i l a r  p rob l em of the 
mot ion  of a f luid pushed by a un i fo rmly  moving  p i s -  
ton shows that  the shock wave also propagates  at a 
cons t an t  ve loc i ty  and that  the p r e s s u r e  at the shock 
f ron t  is cons tant .  E x p e r i m e n t a l  data  on shocks 
gene ra t ed  by u n d e r w a t e r  explos ions  also show that 
the speed of propagat ion  of the shock f ront  is c o n -  
s t an t  when the channe l  expands at a cons tan t  speed 
[2]. Thus,  in (3.1) and (3.3) we may  take a" = 0, 

Subst i tu t ing (3.5) into (3.4), we obtain two quadrat ic  
equat ions for the wavefront  speed IX Equat ing  the 
coeff icients  of these equat ions ,  we obtain the e q u a -  
t ion for  the speed of expansions  of the channel :  

P~ '~ P: ~ ' = o . 8 (  pal '/~ a'~-~- 2p~-a ~ 0 ,  o r  \po / ' 

4. The p r e s s u r e  in the channel  can  be wr i t t en  in  
the fo rm 

kNT 
Pa --~ ~a21 " 

Hence,  taking account  of (3.6) and of the fact that the 
expansion speed is cons tan t ,  we obtain 

N T  = l ' 6 g p ~ 1 6 2  
k (4.1) 

Solving (2.4) for NT and equat ing the r e s u l t  with (4.1), 
we obtain an equation for a ' :  

% 12/3~ 1 - -  

t .6gp01a "4 (4.2) 

In the denomina to r  of the le f t -hand  s ide of (4.2) we 
can neglec t  the second t e r m .  Then 

a' = ( s~0  vl) v' (vl=-~), (4.3) 

Table  1 

W/$eC 

5. t01~ 
t 0x* 

5.i0 l* 
101a 

',l, YI, 
cm w/(sec m) 

3 3.3. t0 TM 

3 t .7.i0 TM 
3 3.3.i0~' 
3 t.7.101. 
3 3.3-10~ 

Ct', 
D/$eC 

188 
280 
330 
500 
600 

T, ~ 

i 0  000 
t3 00O 
14 600 
190OO 
2t 20O 

N particles, 
t = 5  ~sec 

2.2.i0x* 
9.3.101' 
1.7.t0 fo 
7.2.t0~ 

iN, 
sec -i cm-2 

5.t0'* 
t .4.t02~ 
2.2.t0'~ 
5.9-10 u 
9.0.1026 

n~ 
c m - 3  

2.9.10 ~ 
5.4-IG2o 
7.0.i0~ 
i .  3. i0~I 
i .  7 . i0 ' I  

Pa ,  - -  

kg/cm 2 

400 
i000 
1500 
3600 
5000 
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which ,  s u b s t i t u t e d  in to  t he  s o l u t i o n  of  (2.4), y i e l d s  
the t e m p e r a t u r e  o f  t he  p l a s m a  in the  c h a n n e l  

r=/'/'(~'t)'l", "! / 6.5q(mkV'Po'h'~, .~,m U, ).r. (4. 4) 
" (ra + mi)2 1 

The last equation shows that the temperature of 
the plasma remains constant when the power supplied 
by  the  c i r c u i t  to the  Channel  i n c r e a s e s  l i n e a r l y .  
F o r  d i s c h a r g e s  c o m m o n l y  u s e d  in  p r a c t i c e ,  the  r a t i o  
-y~ v a r i e s  in the  r a n g e  3 �9 10i3-3 �9 10 ~ W / ( s e c  �9 m) ,  
wh ich  c o r r e s p o n d s  to t e m p e r a t u r e s  10~-2 �9 104o K. 

By  r e d u c i n g  the  i n d u c t a n c e  of the  c i r c u i t  to  0.26 ~H, 
M a r t i n  [1] h a s  o b t a i n e d  the  v a l u e  T1 = 1.3 �9 1016 W /  
( s e c � 9  m) ,  which  c o r r e s p o n d s  to a c a l c u l a t e d  t e m -  
p e r a t u r e  2 . 7 2 .  101~ K. The  c h a n n e l  t e m p e r a t u r e  i s  
a r e l a t i v e l y  w e a k  func t ion  of  T1. T h i s  e x p l a i n s  the  
f a c t  t h e  b r a k i n g  of t he  d i s c h a r g e  by m e a n s  of  an i n -  
d u c t a n c e  does  not  s i g n i f i c a n t l y  r e d u c e  the  t e m -  

p e r a t u r e .  

T a b l e  2 

"n, I vr w/(sec m) kg/cm 2 

3.3.t0 ls [ 364 
t.7.t01' ] 820 
3.3.101~ [ 1t50 
t.7.1015 [ 2620 
3.3.101~ [ 3640 I 

D, _ 
m / s e c  

t600 
�9 t690 

1750 
2000 
2140 

% 

24.2 
26.8 
27.4 
30.2 
30.4 

The solution of (2.4) yields the number of p a r -  
ticles in the  c h a n n e l  

e x p a n s i o n  o f  t he  c h a n n e l  i s  c o m p e n s a t e d  by  the  in f lux  
of  p a r t i c l e s  t h r o u g h  the  c h a n n e l  b o u n d a r y .  The  p a r -  
t i c l e  d e n s i t y  i s  of the  o r d e r  of 102~ c m  -a and is  

m o r e  d e p e n d e n t  on  the  v a l u e  of  T1 than  the  t e m p e r a -  
t u r e .  

The  p r e s s u r e  of  t he  p l a s m a  is  g iven  by the  e x -  
p r e s s i o n  

1.8 poV,ki % (~A % pa = (4.8) 
2~ d / V -~- 5k] % (71) ' I '  " 

For ~'1 = const the pressure inside the channel remains constant 
during the expansion process, due to the fact that the temperature and 
the particle density remain constant. Under ordinary conditions the 
pressure is of the order of 10s-10Skg/cm z , with higher values in the 
case of stronger variation of the power pulse. The pressure is a 
stronger function of Yl than the particle density, and much stronger 
than the temperature. Therefore in the case of discharges braked by 
inductance low pressures are obtained with relatively high tempera- 
tures, 

From (4. 3)-(4. 8) it follows that for constant rate of increase of 
electric power there exists a steady regime of channel expansion, with 
constant values of temperature, particle density, plasma pressure, and 
speed of expansion. Under these conditions the shock front propagates 
at a constant speed with a constant pressure. 

Such a regime (or a similar one) is established by underwater 
sparks from the instant of formation of the underwater channel to the 
instant at which maximum electric power is reached. The shock 
front and the region next to it are formed during this period. The 
trapezoidal form of the pressure in the shock wave is due to the 
steady expansion regime. 

5. Fo r  pulse d i scharge  in water ,  substi tut ion of 

the appropr ia te  numer ica l  values in (4.3)-(4.8) 

yields the following design formulas :  

N = (*a) It2 
2% / v + 5kt'/" (r,) '/' ' (4.5) 

and the particle flux density 

{8po ~'/' (T~) v' (4, 6) 
IN = ~ - ~ l  2~ a / ~ + 5k1% (~,)'/. " 

The flux density of the particles entering the chan-  
nel is quite high, of the order  of I024-1028 see -1 x 

x cm -2. F rom (4.3) and (4.5) we obtain the particle 
density in the channel 

l.S po 'i'i'h) 'I' (4.7) 
n = 2Ca / V + 5k]  '/s ( 'h) '/' " 

According to (4.7), the particle density in the 
plasma is constant when the electric power i n c r e a s -  
es linearly. The decrease of density due to the 

a' = 7.9.10-2T~'/, m / s e e ,  T = 56T~Ve~ (5.1)  

N =  ~ ~lt2 p a r t i c l e s ,  (5.2)  
4.3-10 -1~ + 3.9- ~0-2~7~% 

4"a'/' see-Ira -9, (5.3) 
JN = 4.3.t0_x0 + 3.9.t0_217,f, 

57 ~ m -3, ( 5 . 4 )  
n = 4-3"t0-19+ 3-9"10-2'T1'/' 

45.10-2o ,n'/~ N / m  2. (5 .5)  
P'~ = 4.3-10 -ID + 3 9 t0-~'h '/' 

In these formulas [T1] = W/see �9 m). Table 1 shows 
t he  r e s u l t s  o f  c a l c u l a t i o n s  f o r  s e v e r a l  v a l u e s  of  
T1, a p p r o p r i a t e  f o r  p u l s e  d e v i c e s  wi th  1 = 3 c m .  

T a b l e  3 

Ref. 

['l 
I n ] 

t:I 

Circuit parameters 

k v i~ f ~H cm 

25 58 0 : t 5  
40 2.7 7 t .5 
40 2 7  
6 t50 

Y, 

w / s e e  

1.9.t014 
t.3.t01~ 
1.3.101S 

2. t01~ 

Yl, 

w(sec m) 

t .3-1016 
8.6.t018 
8.8.10 is 
2.8.t01s 

Measured 
quantity 

T ,  ~  
a', m/see 
D, m/see 
a i, m / s e e  

Exptl. 
value 

~.000 
200 

1600 
140 

Vheoro 

value 

27.200 
24O 

t630 
t80 

Calcl 
from 
eq.  

(5.2) 
(5.1) 
{6.6) 
(5.1) 
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6. The cons tancy  of the values  of the speed and 
the p r e s s u r e  of the shock wave is due to the flux 
of ene rgy  f rom the channel  to the shock front  
through the c o m p r e s s e d  liquid. 

F r o m  (3.5) and (4.3) we obtain the p r e s s u r e  at 
the shock front  

pf ----- I /s po'/'7~ 'I ' �9 (6. i )  

Subst i tu t ing  (3.5) into Kirkwood and Be the ' s  [ 7] 
equat ion for  shock waves in  l iquids 

D = c o + I / 4 ( n  + t )  u 

yields  an equat ion for  the shock speed D. The s o l u -  
t ion of this equat ion is 

D : @ ~ t - ~ - [ l - b  0 ' 4 (n+ t )  '1, G'I~ I =(Opt '~ ,  j j , ,  (6.2) 
I " " 

Here  c o is the speed of sound in the und i s tu rbed  
fluid n is an exponent  in  the equat ion of s ta te  of the 
fluid. 

Accord ing  to (6.2), the speed of the shock wave 
dur ing  the s teady  channel  expans ion  r eg ime  usua l ly  
l ies  in the range  1600-2000 m / s e c ,  s lowly i n c r e a s -  
ing with increasing Yl. 

After the electric power has reached its maximum, 
the values of the characteristic properties (T, n, Pd) 
decrease, and the energy transmitted to the shock 
front decreases, resulting in a decrease of its speed 
and pressure. The subsequent motion of the front 
is governed mainly by the dissipation of the energy 
of the wave. 

When the characteristics of the channel and the 
pressure at the shock front during the steady ex- 
pansion regime depend only on 71, then the pressure 
of the wave at some distance away from the channel 
depends also on the duration of the period of power 
increase % 

In many cases the variation of the circuit para- 
meters v, L, C, I may lead to opposite changes of 
the values of T1 and % In such cases the pressure 
at the wave fa r  away f rom the channel  will  not 
undergo s ign i f i can t  changes ,  despi te  the fact that  
the c h a r a c t e r i s t i c s  of the channel  may  change quite 
cons ide rab ly .  

Subs t i tu t ing  into (6.1) and (6 .2) the  n u m e r i c a l  
va lues  for water ,  we obtain 

pf = 6.4T1'/' N / m  2 (6.3) 

D = 7.5.t0 3 [i + (t + 4.4.to-s,rlV0v' ] m / s e c .  (6.4) 

7. Regarded  as a m e c h a n i s m  for t r a n s f o r m i n g  
e l e c t r i c a l  e n e r g y  into shock wave energy ,  unde rwa te r  
sparks  a r e  c h a r a c t e r i z e d  by the e l e c t r o - h y d r o d y n a -  
mic ef f ic iency,  defined as the ra t io  of the e n e r g y  of 
the shock wave to the e l e c t r i c a l  e n e r g y  suppl ied  to 
the channe l  by the c i rcu i t .  

Under  the s t eady  channe l  expans ion  r e g i m e  71 = 
= cons t ,  equat ions  (2.1), (2.3), (4.4), and (4.5) yie ld  
the e l e c t rohyd rodynamic  e f f ic iency  

2k/"/"'hV' (7.1) 
llg~- 2ea/vq- ] 7 5k % i % ' 

According to (7.1), under  o r d i n a r y  condi t ions  ~?g is 
in  the range  25-30%. In 2 it was ment ioned that one 

h a l f  of the ene rgy  supplied to the shock wave takes 
the form of c o m p r e s s i o n  energy ,  and the other  half  
takes the fo rm of kinetic energy.  

For underwater discharges equation (7,1) takes 
the form 

t .6 .  t0-81 @h (7.2) 
gig = 4 .3 .  t 0 - a g +  3.9.  t0  -2l 'hV. " 

Equations (7.1) and (7.2) determine ~g only for the increasing 
part of the pulse and cannot be used to caIculate the overall efficien- 
cy. Electrical energy is transformed into hydrodynamic energy 
throughout the whole period during which energy is supplied to the 
circuit. But in addition to that hydrodynamic energy is also created 
from part of the energy of the gas layer in the course of the processes 
occuring after the pulse discharge. 

Table 2 shows the results of calculations according to (6.3), 
(6.4), and (7.2). 

A system of equations for the rate of expansion of the channel and 
for the pressure in it was obtained by a different method by Ioffe et al. 
[8 ] .  

8. The theoretical calcualtions are compared with the experi- 
mental data of several investigators in Table 3. 

The author  wishes to thank N. A. Roi and D. P. 
F ro lov  for  making  avai lable  to h im the i r  e x p e r i -  
men ta l  data. 
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